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Abstract
A wavelike scalar-Einstein solution is found and indicating vectors
constructed from the Bel-Robinson tensor are used to study which ob-
jects co-move with the wave and whether gravitational energy transfer
is null.
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1 Introduction
Gravitational waves are usually taken to move at the speed of light. Among
the many questions that arise are whether the waves gravitational energy
travels at the same speed and whether it is possible to have co-moving
fields: in particular what happens when the wave moves from a vacuum to
a medium such as dust, in this case do both gravity and co-moving fields
slow down by the same amount. To this end a new solution which contains
both gravitational wave and has a scalar field obeying
Rsab ≡ Rab − 2φaφb = 0, (1)
is found and investigated by constructing indicator vectors produced by
transvecting the Bel-Robinson tensor.
2 The plane wave.
2.1 The plane wave line element
The plane wave has line element [1]
ds2 = W (u, y, z)du2 + 2dudv + dy2 + dz2, (2)
the determinant of the metric is g = −1 and the Kretschmann curvature
invariant vanishes K = RiemSq = 0, the non-vanishing components of the
Riemann tensor are given by
Ruiuj = −1
2
W,ij (3)
where i, j . . . = 1, 2, 3. The non-vanishing component of the Ricci tenor is
Ruu = −1
2
W,yy − 1
2
W,zz. (4)
2.2 The vacuum, Bach and scalar plane wave
For a vacuum Ricci flat spacetime a choice of W is
W = (y2 − z2)f(u)− 2yzg(u) (5)
where f, g are arbitrary twice differentiable functions of u. The Bach tensor
is
Bab ≡ 2C cda..bRcd + 4C cda..b;cd, (6)
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and this tensor can be used in the expression for quadrtaic field equations
Rab + bBab = 0. (7)
For the line element (2) the Bach tensor has non-vanishing component
Buu = W,yyyy + 2W,yyzz +W,zzzz. (8)
A solution to the field equations (7) is
W = sin
(
y√
b
)
f1(u)+cos
(
y√
b
)
f2(u)+sin
(
z√
b
)
g1(u)+cos
(
z√
b
)
g2(u).
(9)
For a scalar-Einstein solution one can choose
W = (ay2 − bz2)f(u)− 2cyzg(u), (10)
giving
Ruu = (b− a)f = 2φ2u, (11)
however φ can have no y, z dependence as this would entail non-vanishing
Ryy and in this sense the scalar field is not co-moving with the gravitational
field.
2.3 Null tetrads for the plane wave
A suitable set of null tetrads is
la = −1
2
Wδua − δva, na = δua , ma = −
i√
2
δya −
1√
2
δza, (12)
the Weyl and Ricci scalars are
Φ22 = −3
4
(Wyy +Wzz) , Ψ4 =
3
4
(Wyy + 2iWyz −Wzz) , (13)
for the particular case (10) with a, b = 1 (13) reduces to
Φ22 = 0, Ψ4 = 3 (f − ig) . (14)
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3 A Scalar-Einstein wave.
3.1 The line element
For a y, z dependent scalar-Einstein wave consider the line element
ds2 = W (u, x, y)du2 +2A3xydudv+A1dx
2 +A2dy
2, φ =
1
2
ln
(
kx
y
)
, (15)
in the case of vanishing gravitational wave it is related to the solution in [2],
although the corresponding conformal Killing vector has not been found.
After subtracting off the scalar field (1) there remains the Ricci tensor com-
ponent
Rsuu = − 1
2A2y2
(
W − yW,y + y2W,yy
)− 1
2A1x2
(
W − xW,x + x2W,xx
)
.
(16)
The line element (15) is a scalar-Einstein solution when
W =
(
B1xBesselJ
(
0,
x√
A2
)
+B2xBesselY
(
0,
x√
A2
))
(17)
×
(
C1yBesselJ
(
0,
y√−A1
)
+ C2yBesselY
(
0,
y√−A1
))
f(u),
lowest order expansion suggests that the C1 term is real but the C2 term
might be complex.
3.2 A Simpler Case
A more simple solution to (16) is
H = (B1x+B2x ln(x)) (C1y + C2y ln(y)) f(u), (18)
the invariants can be expressed in terms of the Ricci scalar
R =
A1x
2 +A2y
2
2A1A2x2y2
, (19)
and are
K = 3R2, WeylSq =
4
3
R2, RicciSq = R2, BS =
4
9
R4 (20)
R1 =
3
16
R2, R2 =
3
64
R3, R3 =
21
1024
R4,W1R =
1
6
R2, W2R =
1
36
R3,
M2R = M3 =
1
96
R4, M4 =
1
768
R5, M5R =
1
576
R5.
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3.3 Null tetrads for the scalar-Einstein wave
A suitable set of null tetrads is
la = −1
2
xyH(u))(B1 +B2 ln(x))(C1 + C2 ln(y))δ
u
a −A3xyδva,
na = δ
u
a , ma =
A1√
2
δxa +
iA2√
2
δya, (21)
the Weyl and Ricci scalars are
Φ02 =
(
√
A1x−
√
A2y)
2
8A1A2x2y2
, Φ11 =
1
8
R,
Ψ2 =
1
6
R, Ψ4 = i× polyH(u)
4
√
A1A2A23x
2y2
,
poly ≡ B1C2 +B2C1 +B2C2 (2 + ln(x) + ln(y)) . (22)
4 The Bel-Robinson Tensor
4.1 Definition of the Bel-Robinson tensor
The dual of a tensor is defined by
∗ Tabm... = 1
2
 cdab.. Tcdm..., (23)
where m... are a set of indices. The Bel-Robinson tensor is defined by
Bcdef ≡ CacdbCa b.ef. + ∗Cacdb ∗ Ca b.ef. , (24)
The four-vector indicator of energy-momentum is
Pa = BabcdV
bV cV d, (25)
usually V is taken to be a time-like vector field, but other choices are possi-
ble: for example when V is replaced by the null tetrad vector l the indicator
is referred to a Na.
4.2 The Bel-Robinson tensor for the Schwarzschild solution
The Schwarzschild solution has line element
ds2 = −
(
1− 2m
r
)
dt2+
1
1− 2mr
dr2+r2dΣ22, dΣ
2
2 ≡ dθ2+sin(θ)2dφ2, (26)
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it has Weyl scalar
Ψ2 = −m
r3
. (27)
For the time-like vector field
Ta ≡ fδta, TaT a = −
f2
1− 2mr
, (28)
and the indicating four-vector (25) is
Pa = − 6f
2Ψ22
1− 2mr
Ta, (29)
which is conserved P a.;a = 0.
4.3 The Bel-Robinson tensor for the plane wave
The Bel-Robinson tensor for the plane wave has one component
B = Buuuu =
1
4
(Wzz −Wyy) +W 2yz, (30)
the indicating four-vector is best (25) with V replaced by l from (12) giving
Na = Bna, (31)
which is conserved. For the particular choice (10) with a, b = 1
B = 4
(
f2 + g2
)
. (32)
4.4 The Bel-Robinson tensor for imploding scalar spacetime
The line element is taken to be [2]
ds2 = −(1 + 2σ)dv2 + 2dvdr+ r(r− 2σv)dΣ22, φ =
1
2
ln
(
1− 2σv
r
)
. (33)
with dΣ22 given by (26) and complementary null coordinate u ≡ (1+2σ)v−2r.
In this case study of the Bel-Robinson tensor is not so straightforward and
here is approached by four methods.
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Time-like vector method A time-like vector is
Ta = −
(
1
2
(1 + Ts) + σ
)
δva + δ
r
a, TaT
a = −Ts, (34)
and the indicating four-vector (25) is
Pa = −1
6
TsR
2Ta, (35)
where R is the Ricci scalar, (35) is not conserved in general
P a.;a =
2Tsσ
4uv
3r5(−r + 2σv)5 (ut1 − Tsvt2) , (36)
where
t1 ≡ 3σ(1 + 2σ)v2 − (3 + 4σ)rv + 2r2, t2 ≡ t1 + 2r(r − 2σv), (37)
however it is conserved in the two particular cases Ts = ut1/vt2 and Ts = 0
which is null and we go to next.
Null tetrad method The indicating four-vector (25) with l replacing V
just gives Na = 0, using mixtures of null tetrad vectors instead of l no simple
pattern arises.
Killing vector method The solution (33) has a homeothetic Killing po-
tential K = cuv wich can be partially differentiated to give a homeothetic
Killing vector, using this in (25) gives
Aa = −2
3
cKKa, A
a
.;a =
8
3
c2KR2. (38)
Scalar field everywhere method In (25) one uses the gradient of the
scalar field (33) everywhere, then
Aa =
1
12
R3φa, A
a
.;a =
(r2 − (1 + 2σ)v(r − σv))R4
2σuv
. (39)
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4.5 The Bel-Robinson tensor for the scalar-Einstein wave
If one uses a time-like vector in (25) the no simple pattern arises, however
for the null tetrads (21) one gets
Na = −4A43x4y4Ψ24na. Na.;a = 0, (40)
The scalar field everywhere method gives
Aa =
1
12
R3φa, A
a
.;a =
1
2
R4
A1x
2 −A2y2
A1x2 +A2y2
. (41)
The stress of the scalar field gives scalar field propagation
P aφ = T
abVb = −1
2
RV a, (42)
with similar equations for the null tetrad.
5 Conclusion.
The indicating four vector (29) is what one would want for the Schwarzschild
solution, it is timelike and furthermore co-directional with the chosen vector
field (28); however why the proportional function takes the form it does does
not seem to be predictable beforehand, one might hope to identify m as the
overall energy just from the proportional function. Similarly, the indicating
four vector (31) is what one would want for the plane wave, it is null and
furthermore co-directional with the chosen null tetrad (12).
The energetics of the imploding scalar solution (33) are important: the
solution has no overall energy the negative energy of the gravitational field
and the positive energy of the scalar field cancel out, and there is the question
of what happens locally where the scalar field energy can be measured but
not the gravitational field energy. For the imploding scalar solution (33) the
null tetrad method gives vanishing indicator and the other three methods
usually have non-vanishing conservation equation, the exception being when
Ts = ut1/vt2 in (36). The non-vanishing of the conservation equations are
of high order in σ. This leads to the conclusion that there is no local balance
in energy exchange: it is only the global energy that cancels, and any detail
of how this can happen remains obscure.
For the scalar-Einstein wave the null indicator (40) is conserved, sug-
gesting that the square of gravitational energy is co-moving with the wave.
However the solutions scalar field does not seem to co-move (42), suggesting
that the scalar field is an ambient medium.
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A convenient property of the indicating four vector (25) is that it always
turns out to be proportional to a known vector of the spacetime, for the
non-null case this is the transvecting vector, for the null tetrad it is the
complimentary null vector, for example the indicating four vector (25) is
proportional to n after transvecting with l: this appears to be co-incidence.
That the conserved indicating vector for the scalar-Einstein wave is null (40)
indicates that the transfer of the square of its gravitational energy is null
and that the presence of the scalar field does not impede it thus answering
the question implied by the title.
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